In this paper we consider the existence and regularity of solutions to the following nonlocal Dirichlet problems:
Introduction
Recently, the fractional Laplacian has more and more applications in physics, chemistry, biology, probability and finance. The fractional Laplacian (-) s is a pseudo-differential operator defined by (-) s u = a N,s P.V . For some equivalent definitions of (-) s , see [1] [2] [3] [4] [5] .
The operator (-) s is well defined as long as u belongs to the space C R N |u(x)| 1 + |x| N+2s < ∞ .
In this paper, we establish existence and regularity of solutions to the following nonlocal problem:
where s ∈ (0, 1), p > 0, ⊂ R N is a bounded domain with Lipschitz boundary such that 0 ∈ , f is a positive measurable function in . Before stating our main theorem and related results, we give some notions used in this paper.
and the space H s 0 (R N ), defined as
The Hardy inequality plays an important role in this paper [6] [7] [8] , is optimal and not attained. We need to make precise the sense of solutions that we will handle here and distinguish two types of solutions, according to the regularity of f . 
and the following equality holds:
Recently a great attention has been devoted to understanding the role of the Hardy potential in the solvability of fractional elliptic problem; see for instance [9] [10] [11] [12] [13] and the references therein. In particular, Abdellaoui et al. [12] obtained regularity of solutions to the following nonlocal nonlinear problem:
with f ∈ L m ( ) and 0 < λ < N,s , where N,s appears in the Hardy inequality (1.2). The main results of [12] can be summarized as follows:
, the unique energy solution u ∈ H s 0 ( ) to problem (1.3) with λ ≤ N,s satisfies u ≤ C|x| -γ for some constants C and γ .
• If
, the unique energy solution u to problem (
, the unique weak solution u to problem (
The main objective of this work is to explain the combined influence of the Hardy potential and lower order terms on the existence and regularity of solutions to problem (1.1). The influence of the Hardy potential for fractional Laplacian was studied in [12] , the main effect of the Hardy potential in (1.3) is that the weak solutions to problem (1.3) satisfy u(x) ≥ C|x| -γ for some constants C and γ , this fact shows that u(x) is unbounded in a neighborhood of the origin, instead of u(x) ∈ L ∞ ( ). On the other hand, it is well known that the lower order term u p produces a regularizing effect; see [14] [15] [16] [17] and the references therein. Therefore, thanks to the regularizing properties of the lower order term, we will prove that summability of finite energy the solution to problem (1.1) increases as the power of the lower order term increases; see (1.4) below. According to such a definition, we can now state our existence results for problem (1.1).
In the case where f ∈ L m ( ) with m > 1 + 1 p , we will prove the following existence result.
, and
Then there exists a finite energy solution u to problem
Thus the summability of the solution to problem (1.1) increases as p increases.
Remark 1.7 When s = 1, the above theorem was proved by Adimurthi et al. [18] .
The paper is organized as follows. In Sect. 2 we collect some useful tools, such as Sobolev's imbedding theorem and a certain algebraic inequality. Furthermore, we also obtain a prior estimate of the absorption term u p by analyzing the associated approximating problems. The proofs of Theorem 1.4 and 1.5 will be given in Sect. 3.
Useful tools and preliminaries
In this paper, we will use the classical truncating method. Given u a measurable function we consider the k-truncation of u defined by
The remainder of the truncation
We will also need the classical Sobolev theorem; for an elementary proof of this inequality, see [1] . Proof The complete proof is given in [12] , for the reader's convenience, we include here a sketch of the proof.
Lemma 2.1 Let s ∈ (0, 1) and N > 2s. There exists a constant C(N, s) such that for any measurable and compactly supported function f
If s 1 = 0 or s 2 = 0, This conclusion is obvious. We can assume s 1 > s 2 > 0, let x := s 2 /s 1 , then (2.2) is equivalent to
2 .
Rewrite h as
For a > 1, we claim that
Define
Clearly,
Thus h 1 (x) ≤ 0, here the following Young inequality will be used:
Therefore h 1 (x) ≥ h 1 (1) = 0, which shows that (2.3) holds. For a < 1. Firstly we show that
In order to do this, define
By Young's inequality, we obtain h 2 (x) ≤ 0 for all x ∈ (0, 1) and hence h 2 (x) ≥ h 1 (1) = 0, which shows that (2.3) holds again. Therefore, (2.2) holds.
Now we consider the following approximation problems: as a test function in (2.4), we get
Applying Hölder's inequality on the right-hand-side of (2.6), we obtain
, which together with (2.6), implies that (2.5) holds. Case m = 1. Using
Moreover, by Lemma 4 in [19] , we know that
and using Hardy's inequality (1.2), we get
Fatou's lemma implies, for k → ∞, that estimate (2.5) holds.
Proof of main results
Let us begin with the proof of Theorem 1.4.
Proof of Theorem 1.4 Set
Recall that
On the other hand, using G k (u n ) as a test function in (2.4), we have
, thus this fact combined with (3.6), implies that
Applying the Young inequality on the right-hand-side of (3.7), we get
Taking into account that λ < N,s , by the Hardy inequality we obtain |G k (u n (x)) -G k (u n (y))| 2 |x -y| N+2s ≤ C(f , k, λ, N,s ).
Therefore {G k (u n )} n∈R is uniformly bounded in H s 0 ( ), it implies
Then we get 
